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An iterative procedure isdeveloped for solving the Schwinger-Dyson equation for the coupled nucleon and pion propagators 
for the case when vertex corrections are neglected. The presence of ghost poles in the dressed propagators i  avoided by using 
explicitly only the imaginary part of the propagators, eliminating the real part through adispersion relation. 
1. Introduction 
The application of relativistic models to the de- 
scription of  nucleon scattering and nuclear matter 
produced encouraging results [ 1 ], however the use 
of perturbation theory seems not to be justif ied [2]. 
One way of going beyond perturbation theory is to 
find self-consistent solutions of the equations of mo- 
tion, thus summing infinite classes of diagrams. To 
study the nucleon propagator and self-energy we thus 
use the Schwinger-Dyson (SD) equations, but in or- 
der to close the hierarchy we neglect vertex 
corrections. 
We want to solve the SD system of equations elf- 
consistently dressing both the nucleon and meson 
propagators. Since we are especially interested in the 
broadening of the antiparticle and particle peaks in 
this letter we consider only the effect of the pion, 
which is expected to play the most important role due 
to its strong coupling to the nucleon and its small 
mass. 
The case with undressed meson propagators was 
first discussed by Wilets et al. [3] and they showed 
how the renormalization of the rock  diagram can be 
performed. For a renormalizable coupling that as- 
sures finiteness of the real part of  the self-energy (the 
imaginary part is always finite). Since we want to use 
also non-renormalizable pseudovector coupling, to 
assure finiteness of  the real part of the self-energy we 
also use a form-factor for the nucleon-nucleon-pion 
coupling. We use the form-factor, however, only in 
the calculation of the imaginary part of the self- 
energy, calculating the real part from a dispersion re- 
lation. Even when we use a form-factor, we still work 
with the renormalized nucleon and pion propagators. 
That means that dressed propagators (in vacuum) 
have poles at the physical mass with the same resi- 
dues as the free propagators. 
An approach similar to the present one was used in 
ref. [4] for finding the self-consistent ucleon spec- 
tral function in vacuum, however with free meson 
propagators. That approach was based on the unre- 
normalized propagator; finiteness of  the real part of 
the self-energy was achieved by using a form-factor 
in the calculation of the imaginary part. Since the 
equations to be solved are non-linear the use of re- 
normalized (i.e. rescaled) propagators and unrenor- 
malized ones produces different results. 
2. Vacuum solution 
The procedure of ref. [ 3 ] can be generalized to the 
case when not only the nucleon but also the mesons 
are dressed, leading (for renormalizable coupling) to 
a manifestly finite system of equations for the nu- 
cleon and meson propagators [ 5 ]. The equations in- 
volve only the imaginary parts of the propagators 
0370-2693/93/$ 06.00 © 1993 Elsevier Science Publishers B.V. All rights reserved. 209 
Volume 315, number 3,4 PHYSICS LETTERS B 7 October 1993 
since the real parts are eliminated using dispersion 
relations which ensure the correct analytical (and 
causal) behaviour of the propagator. This approach 
explicitly eliminates [6] the ubiquitous ghost poles 
from the propagators. The starting equations are those 
for the imaginary parts of the renormalized self- 
energies: 
lm S(p)  
= -2g  2 
d4k 
F i re G(p+k)  F i re  D(k)  
X O(po + ko)O( -ko)  , (1) 
Im H(p)  
f d4k 
= -2g  2 Tr J ( -~n) 4 F i re  G(p+k)  Fire G(k)  
X O(po + ko)O( -ko)  . (2) 
Here G and D are the renormalized nucleon and me- 
son propagator and we chose po> 0 and used the re- 
sults of ref. [ 7 ]. Im 27 in eq. ( 1 ) denotes the imagi- 
nary parts of coefficients of Dirac gamma matrices 
and the same is true for the corresponding label on 
the right-hand side. The real parts of the self-energies 
are given by subtracted ispersion relations (for de- 
tails see ref. [ 5 ] ), the subtractions coming from mass 
and wave-function renormalization and imposition 
of renormalization conditions on the propagators. 
The renormalization conditions assure that the 
dressed propagators have a pole at the physical mass 
and that the corresponding residue is the same as for 
the undressed propagator. This determines the self- 
energy and its derivative at the renormalization point 
(i.e. physical mass). Writing 27(p) = a (p 2 )1~ + b (p 2 ) 
we then get for the real parts 
p2-M2--~ i do" 2 Im a(o  "2 ) 
Rea(p2)= 7r ( ry2 -M2) ( f f2 -p  2) 
(M+lt) 2 
- 2M2a ' -  2Mb ' ,  
p2_M 2 
Re b(p 2) = 7r 
(m+ gt) 2 
+ 2M3a ' + 2M2b ' , 
(3) 
do "2 Im b(a 2) 
(o2 -M2) (~2-p  2) 
(4) 





a ' - i  i do "2Ima(~2) 
(o -2 -M2)  2 
(M+ll) 2 
and 
do "2 lm H(a  2) 
(0-2__/j2) 2(ff2__p2) '
_l T d°2 Im b(°'2) 
b ' -  /r J (0"2 -M2)  2 
(M+,u)2 
Mand/.t are the physical mass of the nucleon and of 
the pion. The imaginary parts of the propagators are 
expressed through the free propagators and self-ener- 
gies using the SD equations. The real parts of the 
propagators are completely eliminated from the iter- 
ation procedure, but in deriving the above equations 
( 1 ) and (2) the fact that they are related to the ima- 
ginary parts through dispersion relations has been 
used [7 ]. 
For pseudoscalar coupling the integrals in the above 
expressions for the real parts of the self-energies are 
convergent, while for the pseudovector coupling we 
use a form-factor which softens the behaviour of the 
imaginary part of the self-energy, thus also assuring 
convergence ofthe integrals. We use a covariant form- 
factor (multiplying the standard point coupling) 
given by 
F(k ;p ,p+k)  
A2+f f  2 A4+M 4 A4+M 4 
=A2+k2A4+(pZ)ZA4+[(p+k)2]  2 , (6) 
where k is the momentum of the pion and p and p+ k 
of the nucleons. Relatively little is known about the 
dependence of the form-factors on the nucleon mo- 
menta, but it was noted in refs. [4,8] that a strong 
suppression is needed. We were guided by the re- 
quirement of significant suppression above the 
energy-momentum range of 2 GeV, implying values 
of the cut-off parameter A around 1.2 GeV, which we 
use in the following for both pseudoscalar nd pseu- 
dovector coupling (except for the vacuum solution 
shown in fig. la, where, for illustrative purposes, no 
form-factor was used). 
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Fig. 1. The spectral functions of the nucleon and pion, (a) for 
pseudoscalar point coupling and (b) pseudovector coupling with 
A= 1.2 GeV, A~=0.8 GeV. The pion spectral function (dotted 
line) has been multiplied by 10 and the units are in GeV -2. The 
full line shows Plh-I-,02 and the dashed one Pp~-P2 (units are in 
I/GeV), where P---.vp/~ and the nucleon spectral function is 
written as p~ (p2)tk+p2(p2). The delta functions at the physical 
masses are not shown. 
The closed system of equations obtained in this way 
was solved iteratively, starting from free propaga- 
tors, with the standard value of the pseudoscalar ~ NN 
coupling gps= 13.4 and pseudovector coupling gp,,= 
gpd2M. The spectral functions (apart from delta 
functions at the physical mass) are shown in fig. 1. 
Fig. la corresponds to the pseudoscalar point cou- 
pling and fig. lb for the pseudovector ne, the latter 
being obtained with cut-off parameters A = 1.2 GeV 
and A~=0.8 GeV. As one can see, in both cases the 
modif ication of  the pion propagator due to the nu- 
cleon-antinucleon loop is very small (even though 
the coupling is very large) and thus the effect of 
dressing the pion on the nucleon spectral function is 
completely negligible. We find that for pseudoscalar 
coupling less than 10% of the total strength for the 
pion comes from nucleon-antinucleon excitations, 
while for the pseudovector coupling that number is 
considerably smaller, since the form-factor cuts off 
the high-momentum tail. Thus, the result in fig. la 
reproduces the self-consistent solution obtained in ref. 
[3 ], where the undressed pion was used. Also, in these 
cases the first iteration for the nucleon propagator 
(the lowest order perturbation-theory contr ibution) 
differs very little from the self-consistent solution. 
However, that is not a general feature of the solution 
as, for example, for a scalar meson coupling to the 
nucleon with similar strength, the perturbation the- 
ory and self-consistent ucleon spectral function dif- 
fer considerably. 
3. Medium effects 
In nuclear matter the situation is much more com- 
plicated, since Lorentz covariance is broken and the 
spectral functions depend on two variables, the en- 
ergy and the intensity of the three-momentum (we 
consider a zero-spin system). Furthermore, though 
we want to concentrate on the effect of the pion, since 
it is known [ 1 ] that the scalar and vector meson are 
responsible for saturation, we want to include their 
effect too, but only at the mean-field (Hartree dia- 
grams) level. 
In vacuum the Hartree diagram (tadpole) coming 
from coupling to the scalar meson does not have any 
effect, since it contributes an (infinite) constant 
which is absorbed in the mass renormalization. In the 
case of nonzero baryon density the tadpoles (a vector 
meson also contributes) cannot be simply thrown 
away, since their effect is density dependent. As al- 
ready noticed in ref. [4] in the scheme which we use 
they cause additional difficulties, since their imagi- 
nary part is zero. In principle one can still perform a 
renormalization which produces a finite scalar- 
tadpole contribution [9] (the vector-meson tadpole 
is finite without renormalization, since the vector 
meson couples to the conserved baryon current), but 
the complications are so great that one needs a more 
practical approach. One way out is to use a small- 
density expansion, which means a linear increase of 
the scalar-tadpole contribution with density. Alter- 
natively, one can introduce a form-factor which would 
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make the tadpole finite, Choosing the value of the cut- 
off (operating in the Euclidean region) one could aim 
to adjust the binding energy and saturation density 
to the observed value, thus determining the scalar and 
vector tadpoles. In view of the ambiguity in such a 
procedure (we have to assume the Euclidean form- 
factor) we do not attempt it here, but use the value 
of the scalar tadpole as a parameter in the calcula- 
tion. The results presented below are obtained with 
its value being -0 .14 GeV at saturation density 
(Pv = 0.2 7 GeV). The value of the vector tadpole must 
be proportional to the baryon density, but we leave it 
out from our results ince it only introduces a shift in 
the energy variable. 
First, we want to establish the high-three-momen- 
tum (i.e. IPl - - '~) limit of the nucleon's in-medium 
spectral function. In the following consideration we 
specialize to the case when the mesons are not dressed. 
Then all diagrams in which the large momentum flows 
through the density dependent part of the nucleon 
propagator will be suppressed. Thus, the only surviv- 
ing contributions are the ones already present in vac- 
uum and the tadpoles. This means that the high-three- 
momentum limit of the in-medium nucleon propa- 
gator is given by the "shifted" vacuum propagator: 
Gmed (Po, ]P] ~)  
= Gvao(P0 -Co,P; M=M.uc+cs) ,  (7) 
where Co and cs are the values of the vector and scalar 
tadpoles (the latter is negative). 
It is advantageous to work with retarded quantities 
(propagators and self-energies) in this case and the 
equations for the imaginary parts of the retarded nu- 
cleon and meson self-energies have the form [ 5 ] 
ImZ(+) (P )=2g 2 ~ d4k 
(2z~) 4
×F i re  G(+)(p+k) F Im D(+)(k) 
x [O(po +ko - Es) O( -ko)  
-O(  E i -po -ko)O(  ko) l , (8) 
d4 k 
ImH(+)(P)=2g 2Tr (27t)4 
×FIm G( + ~(p+ k) Fire G( + )( k) 
x [O(po +ko --EAO(F~s-ko) 
-O(  E i -po -ko)O(  ko - Es) ] , (9) 
where G (+) and D (+) are the retarded nucleon and 
meson propagator. The limiting behaviour of the nu- 
cleon propagator expressed by eq. (7) is expected ap- 
proximately to hold also in the case of the dressed 
pion, since a large momentum flowing through the 
(dressed) pion propagator suppresses the diagram in 
the same way as for the free pion. 
This means that we can restrict he loop-momen- 
tum integration to a finite region in the three- 
momentum and energy, where the medium contri- 
bution to the Fock diagram is important. It is appar- 
ent that this contribution is finite, the vacuum renor- 
malization eliminated all the infinities in the Fock 
diagram. 
We first study the nucleon spectral function for 
negative nergy, i.e. the antinucleons. The broaden- 
ing of the mean-field elta function begins at the two- 
loop level, even with the free-pion propagator. This 
process can be interpreted as a nucleon dropping from 
the Fermi sea, by emission of two pions, into the Dirac 
sea. The process involves pions with a three-momen- 
tum of the order of the nucleon mass, thus we expect 
the dressing of the pion not to play an important role 
here. We start from the limiting result (7) as the ze- 
roth iteration and calculate the next one in a finite 
energy as well as three-momentum region (but in- 
volving positive and negative energies). Then we 
continue the iterative procedure, but only for the 
negative nergy region, keeping the result for positive 
energies fixed as obtained after the first iteration. The 
two energy regions almost decouple, except for pos- 
sible shifts of peaks (coming from the real part of the 
self-energy) and slight changes in the imaginary part 
for negative nergies. 
After 4-5 iterations we obtain the converged re- 
sult, which, furthermore, does not differ very signifi- 
cantly from the second iteration. The results are 
shown in figs. 2 and 3, for the pseudoscalar nd pseu- 
dovector coupling, respectively. We note the much 
larger broadening obtained with pseudoscalar cou- 
pling (for the pseudovector ne the width at half 
maximum never exceeds 80 MeV), even though the 
form-factors and cut-off parameters are the same. The 
results are somewhat dependent on the value of the 
cut-off, but the general features remain the same for 
cut-off values around 1 GeV. Studying antinucleon 
spectra in relativistic heavy-ion collisions or antipro- 
ton annihilation in nuclei should provide informa- 
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Fig. 2. The 7 0 component of the nucleon spectral function for 
negative energies and pseudoscalar coupling. The cut-offis A = 1.2 
GeV. The line shows the position of the mean-field delta function. 
1.5 
0.5 ~ .5 
-3 P [GeV] 
-2 
E [GeV] 
Fig. 3. The 7 ° component of the nucleon spectral function for 
negative energies and pseudovector coupling. The cut-offis A = 1.2 
GeV. The line shows the position of the mean-field delta function. 
tion about these spectral functions and distinguish 
between the two models. 
The unexpected results of ref. [8] imply the im- 
portance of taking into account he widths of quasi- 
particle peaks in the medium. To study the broaden- 
ing of  the nucleon peak it is necessary to dress the 
pion, i.e. take into account he part ic le-hole xcita- 
tions. We have not achieved complete self-consis- 
tency with both pion and nucleon dressed, but were 
able to sum a large subclass of diagrams. We start with 
the (shifted) vacuum solution, which is the approx- 
imate high-momentum limit of  the self-consistent so- 
lution and calculate the in-medium Fock diagram. 
The pion is dressed using the nucleon propagator ob- 
tained in such a way, and then we use the dressed pion 
to calculate the addit ion to the nucleon self-energy 
leading to the broadening of  the quasi-particle peak. 
We also use the form-factor (6), but with [k21 re- 
placing k 2, thus providing suppression also in the Eu- 
clidean region. The obtained results, for pseudovec- 
tot coupling, are shown in fig. 4. 
The difference between the two couplings is not so 
large in this case, the pseudoscalar one giving in gen- 
eral larger widths. The widths of the hole states are 
quite small and comparable to results obtained in a 
completely different model [10]. However, the 
broadening for larger momenta becomes quite signif- 
icant. For p=0.5  GeV the width at half maximum is 
around 80 MeV, and it increases to around 120 MeV 
for p around 0.8 GeV, decreasing afterwards to 100 
MeV at p= 1 GeV, 70 MeV at 1.5 GeV and 50 MeV 
at p = 2 GeV. We mention that these widths are hardly 
sensitive to the values of the cut-off parameters. As 
one can see from fig. 4 the shift with respect o the 
Fig. 4. The 7o component of the nucleon spectral function for 
positive nergies, with dressed pion and pseudovector coupling. 
The cut-off parameters are A= 1.2 GeV and A~=0.8 GeV. The 
line shows the position of the mean-field elta function. 
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mean-f ie ld delta funct ion is very small. We remark 
that the sum-rule for the 7 ° component  of  the spectral 
funct ion is satisf ied to a few percent in the computa-  
tion. We also checked the effect of  the short-range re- 
puls ion (Migdal  correct ion)  on our results, but using 
gUN = 0.6 caused only a slight narrowing of  the quasi- 
particle peaks. 
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